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Abstract 

A recently derived basic theorem on the decomposition of SO(2N) vertices is used 
to obtain a complete analytic determination of all SO(10) invariant cubic super- 
potential couplings involving 16± semispinors of SO(10) chirality ± and tensor 
representations. In addition to the superpotential couplings computed previously 



using the basic theorem involving the 10, 120 and 126 tensor representations we 
compute here couplings involving the 1, 45 and 210 dimensional tensor representa- 
tions, i.e., we compute the 16^16^1, 16^16^45 and 16 T 16±210 Higgs couplings in 
the superpotential. A complete determination of dimension five operators in the 
superpotential arising from the mediation of the 1, 45 and 210 dimensional repre- 
sentations is also given. The vector couplings 16±16±1, 16±16±45 and 16±16±210 
are also analyzed. The role of large tensor representations and the possible appli- 
cation of results derived here in model building are discussed. 



1 Permanent address of P.N. 



1 Introduction 



The group SO(10) is an interesting possible candidate for unification of interactions |1|] 
and there has been considerable interest recently in investigating specific grand 
unified models based on this group. Thus SO(10) models have many desirable 
features allowing for all the quarks and leptons of one generation to reside in the 
irreducible 16 plet spinor representation of SO(10) and allowing for a natural split- 
ting of Higgs doublets and Higgs triplets. Progress on the explicit computation of 
SO(10) couplings has been less dramatic. Thus while good initial progress occured 
in the early nineteen eightees in the introduction of oscillator techniques^, |3|. |J, 
there was little further progress on this front till recently when a technique was 
developed using the oscillator method which allows for the explicit computation of 
SO(2N) invariant couplings ||. It was also shown in Ref. that the new technique 
is specially useful in the analysis of couplings involving large tensor representa- 
tions. Large tensor representations have already surfaced in several unified models 
based on SO(10)|j) and one needs to address the question of fully evaluating cou- 
plings involving the 16 plet of matter and Higgs with these tensors. In Ref. || a 
complete evaluation of the cubic superpotential involving the 16 plet of matter was 
given. Since 16 x 16 = 10 + 120 a + 126 s the evaluations given in Ref. involved 
16 - 16 - 10, 16 - 16 - 120 and 16-16-126 couplings. 

In this paper we carry the analysis a step further and give a complete evaluation 
of the 16 — 16 couplings which involve the SO(10) tensors 1, 45 and 210. Further, 
technically the couplings of 16_16 + are not necessarily the same as of 16 + 16_. Thus 
we give a full evaluation of the 16 T 16±1, 16 T 16±45 and the 16^16^120 couplings. 
An analysis of 16±16±1,16±16±45, and 16±16±210 vector couplings is also given. 
The analysis given here will have direct application in the further development of 
SO(10) unified models and in a fuller understanding of their detailed structure. We 
wish to point out that one may also use purely group theoretic methods to compute 
the Clebsch- Gordon co-efficients in the expansion of SO(10) invariant couplings. 
Such an approach was used in Ref. |7j to compute the E G couplings. Our approach 
is field theoretic and is specially suited for the computation of SO(2N) couplings. 
The outline of the rest of the paper is as follows: In Sec. 2 we give a brief review 
of the basic theorem derived in Ref. || which is central to the computation of 
SO(2N) invariant couplings. In Sec. 3 we use the basic theorem to compute the 
superpotential couplings cubic in fields involving 16 T 16± and the 1 and 45 tensor 
fields. In Sec. 4 a similar analysis is carried out using the 210 multiplet. In Sec. 5 
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an analysis is given of the quartic couplings in the superpotential obtained from 
the elimination of the singlet, the 45 plet and the 210 plet of heavy Higgs fields 
from the cubic superpotential. Vector couplings are investigated in Sec. 6. In Sec. 7 
the possible role of large tensor representations in model building is discussed. 
Conclusions are given in Sec. 8. Some of the mathematical details are discussed in 
Appendices A and B. 

2 Review of basic theorem for analysis of SO (2N) 
couplings 

In this section we give a discussion of the oscillator method^, |3], f|| together with 
a brief discussion of the basic theorem derived in Ref . which is especially useful 
in evaluating SO(2N) gauge and Yukawa couplings involving large tensor repre- 
sentations of SO(2N). We begin by defining a set of five fermionic creation and 
annihilation operators bi and b\ {% = 1, ...,5) obeying the anti-commutation rules 

{b u b}} = 5l {b i ,b j } = 0; {&!,&]} = (1) 

and represent the set of ten Hermitian operators T M (/i = 1, 2, .., 10) by 

r a = (&< + &}); r 2 ,_! = - &1) (2) 

where T M define a rank- 10 Clifford algebra, 

{r At ,r I/ } = 2«j AB/ . (3) 

and = ^[T M , r„] are the 45 generators of SO(10) in the spinor representation. 
|(1 ± r ) where T = i 5 rir 2 ...rio are the SO(10) chirality operators which split 
the 32-dimensional spinor \l/ into two inequivalent spinors through the relation 

¥ (± ) = i(i ± r„)¥. (4) 

The semi-spinor transforms as a 16 (16) dimensional irreducible rep- 

resentation of SO(10). *(+) (*(_)) contains 1 + 5 + 10 (1 + 5 + TO) in its SU(5) 
decomposition. In terms of their oscillator modes we can expand them as[§ 

|* (+)o >= |0 > M a + h\b]\0 > M« + ^ klm b]b{b]bl\0 > M ai (5) 
|* ( _ )6 >= b\blblb\bl\0 >N b + ^ klm b\b\bl\Q > N blJ + 6||0 > Nl (6) 
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where the SU(5) singlet state |0 > is such that &j|0 >= 0. The subscripts 
a,b — 1,2,3 are the generation indices. The group theoretic difference between 
the chirality (+) and (— ) states is that chirality (+) states are generated by the 
action of an even number of creation operators on the vacuum state while the 
chirality (— ) states are generated by the action of an odd number of creation op- 
erators. The chirality (+) fields, |^ r (+) a >j ( a — 1, 2, 3) can be identified with the 
three generations of quarks and leptons, constituted by three sets of 5 + 10 plets 
of SU(5) and three SU(5) singlet (right handed neutrino) fields. The chirality (— ) 
fields, |^(-) > could be Higgs multiplets that arise in SO(10) model building. The 
role of the negative chirality fields in model building will be discussed at the end 
of Sec. 5. For the sake of completeness we identify the components of a 16 plet 
|^(+)a > m terms of particle states so that 

M a = vi a ; M aa = Dl aa , Mf = e^U c Laj ; M a4 = E La 

M 4 a a = U Laa , M a5 = u La , Ml a = D Laa , Mf = E+ a (7) 

where a, (3, 7 = 1,2,3 are color indices and we adopt the convention that all 
particles are left handed(L). 

Our main focus is the computation of the cubic and quartic couplings in the 
superpotential. As already mentioned in the introduction the couplings of the 
tensor fields 10, 120 and 126 with 16 x 16 have already been computed in Ref. 
and here we focus on the couplings of the tensor fields 1, 45 and 210 with 16 x 
16. Specifically the interactions of interest in the superpotential involving 16± 
semispinors are of the form 

W« = C < *f_ )a |B|$ (+)6 > $ (8) 

WL 4 ? = < $U a \B^\$ {+)b > V (9) 

wL 210) = ^C" < $^ ) J5r [M r I/ r p r A] |$ (+)6 > % upX (10) 

where 

b= n r M =-*n(& fc -4) (11) 

H=odd k=l 

is an SO(10) charge conjugation operator, and 

F [M F ^ r p r A] = TyH( _1 ) <5Pr MP(i) r ^P(2 ) r Pp(3) r Ap(4) ( 12 ) 

p 
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with J2p denoting the sum over all permutations and 5p takes on the value and 1 
for even and odd permutations respectively. Semi-spinors ^(±) with a ~ stands for 
chiral superfields. The result essential to the analysis of the above SO(2N) (N=5) 
invariant couplings is the theorem that the vertex 1^1^]^.. r CT where 
^fj,ux..a could be a large tensor representation, can be expanded in the following 
form 

r M r„rvr CT $^ A ... CT = b\b\b\...b\§ CiC . Ck ... Cn + {b i b)b\...bi^- CiCjCk ... Cn + perms) 

+ {b i b j b\...bl^- c - CjCk ... Cn + perms) + ... + (b i b j b k ...b n „ l b{$- c - c - Ck .- Cn „ lCn + perms) 

-\-bibj bfc . ■ ■b n &c i CjC k c n 

(13) 

where we have introduced the notation $ c . = <£> 2 i + i$2i-i and $^ = — i$2i-i- 
This is extended immediately to define the quantity $ ClCj c fc .. with an arbitrary 
number of barred and unbarred indices, where each c index can be expanded out 
so that «I» r ., = 'I'l-,, • /'I'l., !, ,-,.. etc.. Further the object 'I» r , transforms 
like a reducible representation of SU(N) which can be further decomposed in its 
irreducible parts. 

3 The 45-plet tensor coupling 

We first present the result of the trivial 16 x 16 x 1 couplings. Eq.(8) at once gives 

W« = ih% (N a T M b - ^NljM^ + NfMii) H (14) 

where H is an SO(10) singlet. For eg. above represents the transpose of the 
chiral superfield, N a etc.. A similar analysis gives Wjl and one has 

w?l = h% < % )a |s|* ( _ )6 > $ 

= ih% (-MjN 6 + ^M^N blJ - MlNlj H. (15) 

To compute the 16 x 16 x 45 couplings we expand the vertex E^^j, using Eq.(13) 
where is the 45 plet tensor field 

= - (Vyl'-r + ^Kc, + *>,I>/K-, - § Cn - Cn ) . (16) 
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The reducible tensors that enter in the above expansion can be decomposed into 
their irreducible parts as follows 

* c „c„ = h; $ c ^ = h} + ^h; <I>,,. h": ^ = K 3 (17) 

To normalize the SU(5) Higgs fields contained in the tensor Q^v, we carry out a 
field redefinition 

h = VTOH; h 4j = v^H y ; = V2H ij ; h} = y/2H). (18) 

In terms of the normalized fields the kinetic energy of the 45 plet of Higgs 
—d A & llu d A &j lu takes the form 

^n m " S = -d A Hd A H^ - i^H^Hj, - ^d A Wd A H^ _ d A H)d A H? . (19) 

The terms in Eq.(19) are only exhibited for the purpose of normalization and 
the remaining supersymmetric parts are not exhibited as their normalizations are 
rigidly fixed relative to the parts given above || . Finally, straightforward evaluation 
of Eq.(9) using Eqs. (16-18) gives 

WL 4 ? = ^C[V5 (p^Mu + ^-M? - N a T M 6 ) H 

+ (-N3JM* + ^, Hm Ni T Mf) H lm 

+2(N^M^'-NfM 6i )H}]. (20) 

From Eq.(20), one finds that the 16^ — 16m — 45# couplings consist of the following 
SU(5) invariant components: 5jv — 5a/ — l#, IOjv — 10m — 1//, Ijv — 1a/ — lif s 1/v — 
10 M - 10//, TOtv - 5 M - IOh, TOiv - U/ - 10//, 5^ - 10 M - 10//, 10 N - 10 M - 24 H , 
and 5jv — 5m — 24// couplings. One can carry out a similar analysis for W+f? and 
one finds 



W 



(45) 



<% )o |5E„J$ 



^l*(-)6 



> $ 



-Mf T N fe + ^e^M^N^) H, m 



+ 



-MjN Mm + -e iifeZm M^ T N*J H' m 
+2 (Mf T N 6W - M£N£) H}]. 



(21) 
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4 The 210-plet tensor coupling 



We turn now to the computation of the 16 x 16 x 210 couplings. Using Eq.(13) 
we decompose the vertex T fJ T l/ TpT\<& f j, up \ so that 

r^r^^ = Ab\b)b\b^ CiCjCk - cl + 4&j^$ CiWi + b\b)b\b\^ CiCjCkCl 

+b i b j b k b l $c i c j c k c l ~ Qb\b]^ CiCjCm c m + Qb^®^^ 
+3$ Cm c mCn c„ - Ylb\bj§ c - CjCm - Cm + 6blb]b k b^ CiCj ^ r 

(22) 

The tensors that appear above can be decomposed into their irreducible parts as 
follows 

1 1 

^c m c m c n Cn = h; ^CiCjCkCi = ~^£ijklm,h i ^CiCjC k ci — 24 6 ^ 



$ - =h ij - $ = h,,- - = h* + -<fh 

C-i Cj C m C m ) Ci Cj C m Cm Ij ) C^ Cj C m C m j 1 ^ j 



= h?" fc + 1 (** h« - (Sfh* + (jjM*) 

^■cfcc, = h[ jk + ^ (<fe - <*Jhi* + fe) (23) 

where h, h*, hj, h iJ , h^, h*, h^ fc ; h*- fcJ and W k \ are the 1-plet, 5-plet, 5-plet, 10-plet, 
10-plet, 24-plet, 40-plet, 40-plet, and 75-plet representations of SU(5), respectively. 
We carry out a field redefinition such that 



n — v •iji '•j — v •j 

h?'* = ^|H?* ; hj« = H 5-«; h S = Vf H «- (24) 

Now the kinetic energy for the 210 dimensional Higgs field is — dA$ij,vp\d A & X i 
which in terms of the redefined fields takes the form 

l^-Higgs = _q aH qA^ _ ^H^hPt - d A Hid A H^ 
-^d A Hfd A H^ - |^H^X' fe - ^ A H%d A H%\ (25) 
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Evaluation of Eq.(lO), using Eq.(22) and the normalization of Eq.(24) gives, 



W?f = i\ {hTUl (NjM fe + i-N5,.M? + ^Nf M w ) H 



a/3 , . . I . 



4 I " 6 6 



+^N5,-M»Hg + NjM M H* + NfM.H,]. (26) 



We note that 16^ — 16m — 210# couplings have the SU(5) invariant structure 
consisting of ljv - 1m - Iff, TOjv - 10m - Iff, 5jv - 5 M - Iff , W N - 1 M - 10 H , 
5 w -10M-10ff,U-10M-T0ff,T0 J v-5M-T0^,5 JV -5M-24^,T0 JV -10M-24 H , 
5at — 10m — 40h, IOat — 5m — 40#, 10^ — 10m _ 75//, ljv — 5m — 5#, 5^ — 1m — 5//. 
An analysis similar to that for Eq.(26) gives \N+ W ^ 

= l fs hT 4/! + To U ^ + H 

-iM^^-Hg - M^H* - MjNJHJ. (27) 

We note that the couplings of W^+ ^ are in general not the same as in \N+ W ^ . 
Thus some of the terms have signs which are opposite in the two sets. Further, we 
note that there are in general two ways in which the 40 plet and the 40 plet can 
contract with the matter fields. For the case of wL 2 ^ -* one of the 40 plet tensor 
index contracts with the tensor index of the 10 plet of matter and similarly one of 
the tensor index on the 40 contracts with the tensor index in the 10 of the 16 (see 
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Eq.(26)). However, in the W+i°' ) couplings this is not the case. Here one of the 
tensor index of 40 plet contracts with the tensor index in of the 5 plet of matter 
and similarly one of the tensor index in 40 contracts with the tensor index in the 
5 plet of matter (see Eq.27)). 



5 Quartic Couplings of the form 16 16 16 16 

In phenomenological analyses one generally needs more than one Higgs represen- 
tations. Hence to keep the analysis very general we not only keep the generational 
indices but also allow for mixing among Higgs representations. To that end, we as- 
sume several Higgs representations of the same kind: Q^y, &^ U p\z- Consider 
the superpotential 

w'-'^-wiS'+wrr (28) 

where 

<2 = W -+ + W -?' + W^f' (29) 

and 

,.,(16X16) 1 _ , .(1) _ 1 , ,(45) _ 1 , ,(210) _ 

W mass = ^xM xx & x , + ^yMyy^y + -<S>^ P xzM zz ,<S>^ pXZ >. (30) 

The terms W^+, , W^+ ^ in Eq.(29) are the same as those given by Eqs.(8), 

(9), and (10) except that the tensors <£>, and $ m1 , p a are replaced by f ( ^ ) (fr x , 
fy 5) ®ixvy, and f^^^pxz, respectively. We next eliminate ^x,^^y,^^ P \z as 
superheavy dimension-5 operators using the F-flatness conditions: 

d\N (1(,xT ~ 6) d\N (16x ~ 6) «9W (16xTF) 



0; -5= = 0; = o. (31) 



The above leads to 

w£! 5 6) =Xi+X 4 5+X 2 io. (32) 

I 1 , X 45 and X 210 can be computed quite straightforwardly by integrating out the 
heavy SO(10) singlet, 45 and 210 plets fields in the superpotential. Details are 
given in Appendix A. We record here the results. 

Zi = ^0-N^.M?N£M« + 4 Nf M bi Nl k Mf ~ 4N« M«Nf M dj 

+4NjM 6 N^-Mj' - 8NjM 6 Nf M di - 4NjM b NjM d ] (33) 
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^ = (-4A^* + HAltL) Nf M 6i Nf M dj + 8 (A^ 6 + A^) Nf M 6i N^M 



+ « 



c6 



7A 



(45) 
ab.cd 



NfM^N^M' 



(4A 



(45) (45) 
+ A 



ad,cb 



ab,cd 



16Nj ifc M^N^M« 



+3^,^*0^ + 24N?M b Nf M di - 20NjM fe NjM 



(34) 



J, 



210 



-[4 
24 L 



-18A 



(210) 
ad,cb 



25A™ ) Nf M 6i Nf M 



16 A 



(210) 



r2 ( -2AS + 3A£M Nf MfcN^M? + 4 (-6A 



(210) 
^ab,cd 



ad,cb 
(210) 



+ 5Air^ Nf MyN^Mj* 



ab,cd J 
. (210) 



ad, c6 + A^)NjM,N^ 



+ + 25A1 2 ;;,) N* M?N* 1^ + 8 (8A 

+4Ar;; d {-^ Mm N^.M 6fc N c ^ m M, 



(210) (210) 
+ A, 



ad,cb 



x ab,cd 



e !jHm NjM: J NfM d 



Zm 



- 2Nj ife M*^M« 
+5NjM 6 N c T M d }] 



(35) 



where 



. a) _ , (i) , (i) „(i) 

*ab,cd — ^ab ^cd J x 



M + M J < M [M + M ) - 1 



XX' 



A (45) j ) i^^' p v 



(45) , (45) .(45) 



b ab ,l cd 



M 



(45) 



, (210) _ , (210) (210) (210) 
■^ab,cd — n ab 11 cd J z 



M +M 



(210)T 



(45)T\ -1 



M (45) (M i45) +M 



(45)T\ -1 



yy 



A* 



(210) 



(210)T 



22' 



,(210) 
J 



(36) 



The exact same technique can be used to compute the quartic couplings of the form 
[1616] io [1616] io, [1616] 120 [1616] 120, and [1616] i2g[1616] 126 arising from the elimina- 
tion of the 10 plet, the 120 plet and the 126 plet of heavy Higgs using the cubic 
couplings already derived in Ref.f|. Similarly one can compute [1616] [1616] and 



[1616] [1616] couplings using the technique above. As mentioned in Sec.l the chiral- 
ity (+) fields, 16( + v can be identified with the three generations of quarks and lep- 
tons and right handed neutrino fields, and the chirality (— ) field, 16_ can be iden- 
tified as a Higgs multiplet, 16#. With the above identification one finds that there 
exist dimension five operators of the type [16 16#]i[16bl6#]i, [16 a 16#]4 5 [16f,16#]45, 
and [16 a 16#]2io[16&16#]2io, which can be computed by using the analysis given 
above. Similarly, one has operators of the type [16 a 16{,]io[16//16#]io, [16 a 16&]i2o[l6ijl6jj]i2o, 
[16 a 16b]j2^[T6~f/16//]i26 which can be computed by similar techniques using the re- 
sults of Ref . [5] . After spontaneous breaking, the Higgs multiplet can develop vac- 
uum expectation values generating mass terms for some of the quark, lepton and 



9 



neutrino fields. An example of such operators can be found in Ref.0. A further 
discussion of model building is given in Sec. 7. 

6 Vector Couplings 

For the construction of couplings of vector fields with 16± plets it is natural to 
consider the couplings of the 1 and 45 vector fields as abelian and Yang-Mills 
gauge interactions. However, one cannot do the same for the 16±16±210 couplings. 
These couplings cannot be treated as gauge couplings as there are no corresponding 
Yang-Mills interactions for the 210 plet. For this reason we focus here first on the 
computation of the gauge couplings of the 1 and 45 plet of vector fields. The 
supersymmetric kinetic energy and gauge couplings of the chiral superfield (p can 
be written in the usual superfield notation 

J (Pe tr(0V^) (37) 

where V is the Lie valued vector superfield. Similarly the supersymmetric Yang- 
Mills part of the Lagrangian can be gotten from 

J d 2 9 tr(W a W a )) + J d 2 9 tr(W & W A ) (38) 

where W a is the field strength chiral spinor superfield. Since supersymmetry does 
not play any special role in the analysis of SO(10) Clebsch-Gordon co-efficients, 
we will display in the analysis here only the parts of the Lagrangian relevant for 
our discussion. Thus the interactions of the 16+ with gauge vectors for the 1 and 
45 plet cases are given by 

L« = g™ < *I/ {+)o | T V |* (+)6 > $ A (39) 

L?? = ^9* < *(+)al7V5Vl*(+)6 > $ (40) 

where j A {A,B = - 3) spans the Clifford algebra associated with the Lorentz 
group, g's are the gauge coupling constants, and $a and Qa^v are gauge tensors 
of dimensionality 1 and 45, respectively. Similarly one defines iSll, I 1 ! 5 } with ^+ 
replaced by in Eqs.(39) and (40). 

We first present the result of the trivial 16 x 16 x 1 couplings. Eqs.(39) and 
(13) at once give 

L« = g { 2 (M al A M b + ira^YM? + W? al A M bl >) G A - (41) 
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The barred matter fields are defined so that = M] J - 7 etc. 
A similar analysis gives L^l and one has 

L^U^ < * ( _ )o | 7 Vl*(-) 6 > ^ 

= g ( 2 (N a7 A N fe + \^i A ^u 3 + N ai7 A N l 6 ) G A . (42) 

We next discuss the couplings of the 45 plet gauge tensor & A/Xl/ whose decompo- 
sition in terms of reducible SU(5) tensors can be written similar to Eq.(16). This 
can be further reduced into irreducible parts similar to Eq.(17) by 

<5>Ac n c n = gA, <$>Ac-c 3 = g% + ^SjgAl §Ac lCj = g A ] ^ Ac'c, = gAij (43) 

and normalized so that 

g A = 2V5G A ; g Aij = V2G Aij ; g l { = y/2G{; g% = V2G%. (44) 

The kinetic energy for the 45- plet is given by —^F^Fabhv, where T A ® is the 45 
of SO(10) field strength tensor. In terms of the redefined fields, 45-plet's kinetic 
energy takes the form 

= —QabQ^ - \^Q ABii Qf B - ^f Bl QU (45) 

where T A ® is the 45 of SO(10) field strength tensor. As mentioned in the beginning 
of this section we do not exhibit the gaugino and D terms needed for supersymme- 
try since their normalization is fixed relative to terms exhibited in Eq.(45). Using 
Eqs.(40), (16) and the above normalizations we find 

Li 4 ? = € [V5 {-h$ al A M u + i^/Mj + M a7 ^M b ) G A 
+-±= (M al A M l b m + ^ klm M mjl A M bl )j G Mm 

--j= (M alml A M h + l -e ijklr M al A M{ k ) Gf 

+V2 (M mfc7 A Mf + M J a7 A M bi ) G Aj ] . (46) 

A similar analysis gives 

L - = \k 9 * < *(-)«l7V^|*(- )6 > ^ 
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+ 72 {^ ANb + r ijklm ^ AN ^) G 



Aim 



->/2 (NIVNwh + N^Nj) Gjy]- (47) 

We discuss now the 210 vector multiplet. This vector mutiplet is not a gauge 
multiplet with the usual Yang-Mills interactions. This makes the multiplet rather 
pathological and it cannot be treated in a normal fashion. Specifically Eq.(37) is 
not valid for this case in any direct fashion. However, for the sake of completeness, 
we present here the SO (10) globally invariant couplings corresponding to Eq.(40). 
Thus we have 

lS 0) = \ { gT < * (+ ) a | 7 Vr^r p r A] |* (+)fe > <t> A ^ pX . (48) 

To compute the couplings we carry out expansions similar to Eqs.(22) and (23) 
and to normalize the fields we carry out a field redefinition 

g A = 4^G A ; g\ = 8V6G A ; g Al = sV6G Ai 
& = V2Gi; gAij = V2G Aij ; g% = V2G% 

ijk fijk i r~i V C^i ( AC\\ 

%Al - Y ^Al ! fsAjkl - yg^-fcll &AM - ^J^Akl l 4y J 

so that the 210-plet's kinetic energy —\F^ p \Fabliv P \ takes the form 

L^-™ = -\QabQ ab " - \Q\ B Q Am - ~Qt B Q AB ^ 

! ^ pi r ABj ! ^ Mjk r ABijk\ 1 ! 1 Mj pABij] /r n \ 

~2\2 Bj ~ 3l 2 ABl 1 ~ 2l 2l 2 ABkl kl ' ^ ' 

As discussed above, the 210 vector multiplet is not a gauge multiplet and thus the 
quantity Q A b is just an ordinary curl. Using Eqs.(48), (22) and the normalizations 
of Eq.(49) one can compute L++\ One finds 

Ljf = ^r[V5 (M a7 ^M 6 - ^ra^-T^Mf + ly? al A M bt >) G A 



+^ ( -M al A M l ™ + \e^ klm M aijl A M hk ] G Alm 



2 V al b 6 

f-M .... . _|_ AT' - l TV,T.'M r>' 



(^-M , m7 A M 6 + - fijHm MjX J G2 
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-^ klm M aml A M bj G n Aklm + ±e tjkln M al A MrG k t 
-^A aijl A MfCi kl + 2Wt al A M b G Ai + 2M a7 A M fei G^ . (51) 
A similar analysis gives 

l (2 - 0) = \gT < ^-yatf^rj^w > <iw 

= ^r[V5 (N al A N b - ^NlVN^ + ^N n i7 A N ! 6 j 

+^ (N a7 A N Wm - ieiiWmN^VN*) G^ 

+Ie««™N aB7 A N 6 yG5 JUm + ^H»KyN?Gt 
-^N^N^G^ + 2N a7 A N l 6 G^ + 2N ai7 A N b G^]. (52) 

Supersymmetrizations of Eqs.(51) and (52) requires that we deal with a massive 



vector multiplet and this topic will be dealt elsewhere fTO 



7 Possible role of large tensor representations in 
model building 



Most of the model building in SO(10) has occured using small Higgs represent at ions |TT 
and large representations are generally avoided as they lead to non-perturbative 
physics above the grand unified scale. However, for the purposes of physics below 
the grand unified scale, the existence of non-perturbativity above the unified scale 
is not a central concern since the region above this scale in any case cannot be 
fully understood without taking into account quantum gravity effects. Thus there 
is no fundamental reason not to consider model building which allows for couplings 
with large tensor representations. Indeed large tensor representations have some 
very interesting and desirable features. Thus, for example, if the 126 develops a 
VEV in the direction of 45 of SU(5) one can get the ratio 3:1 in the "22" ele- 
ment of the lepton vs. the down quark sector in a natural fashion as desired in 



the Georgi-Jarlskog textures JT^]. A similar 3:1 ratio also appears in the 120 plet 



couplings. Because of this feature the tensor representations 120 and 126 have 
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already appeared in several analyses of lepton and quark textures!!. Further, it 



was pointed out in Ref . || that the tensor representation 126 may also play a role 
in suppressing proton decay arising from dimension five operators in supersym- 



metric models. This is so because couplings involving 126 plet of Higgs to 16 plet 
of matter do not give rise to dimension five operators. The result derived here in- 
cluding the computation of cubic and quartic couplings may find application also 
in the study of neutrino masses and mixings. Thus, for example, one may consider 
contributions to the neutrino mass (N) and to the up quark mass (U) from the 
contraction [16 a 16^]45[16fel6 j H']45. From Eq.(34) we find that a contribution to N 
arises from the fifth term in the last parentheses of Eq. (34) while the contribution 
to U arises from the second term in the last parentheses of Eq.(34). Now compar- 
ing the above with Eq. (8) of Ref. || for the 10 plet Higgs coupling which gives a 
N:U ratio of 1:1 we find that the two couplings refered to above in Eq.(34) give 



N:U=3:8 in agreement with Ref.||13||. Regarding the 210 dimensional tensor, such 
a mutiplet could play a role in the quark-lepton and neutrino mass textures. The 
role of a 210 dimensional vector multiplet is less clear. One possible way it may 
surface in low energy physics is as a condensate field. However, this topic needs 
further exploration. A more detailed discussion of model building including large 
tensor representations is under investigation. 



8 Conclusion 

In this paper we have given a complete determination of the SO(10) invariant 
couplings 16 T — 16-t — 1, 16 T — 16-t — 45 and 16 T — 16± — 210 in the superpotential 
in their SU(5) decomposed form. Further, we have computed all the allowed 
quartic interactions in the superpotential of the type 16 =F 16±16 =F 16±. We also 
exhibited a technique which is much simpler and involves elimination of heavy 
fields in cubic couplings in their SU(5) decomposed form. These techniques can be 
directly applied to the computation of quartic couplings of the type 16 + 16 + 16 + 16 + 
using cubic couplings involving 16 + 16 + with the 10, 120 and 126 tensor multiplets 
which have already been computed in the work of Ref. || . An analysis of vector 
couplings involving the SO(10) vector mutiplets 1, 45 and 210 was also given. In 
all of our analysis we have made explicit use of the theorem developed in Ref on 
the decomposition of SO(10) vertices which allows the complete determination of 
the couplings with large tensor representations. It would be very straightforward 
now to expand all the SU(5) invariants in terms of SU(3)c x SU{2) L x U(l)y 
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invariants using the particle assignments given by Eq.(7) and an example of this is 
given in Appendix B. We also discussed in this paper some interesting features of 
large tensor representations and the role they may play in future model building. 
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10 Appendix A 

We expand here on the technique for the elimination of heavy fields for the case 
when the fields belong to a large tensor representation. There are infact three 
approaches one can use in affecting this elimination. The first one is the direct 
approach where one eliminates the heavy large Higgs representation in its SO(10) 
form. While this is the most straightforward approach the disadvantage is that 
the analysis of dimension 4 operators cannot be directly made use of and one 
has to carry out the entire computation from scratch. An alternative possibility 
is that one utilizes the result of computations of dimension 4 operators already 
done to compute dimension five operators. In this case, however, since all the 
heavy Higgs fields are in their SU(5) irreducible representations the elimination 
of such fields would involve cross cancellations which are quite delicate. Thus, for 
example, in its SU(5) decomposition 210 = 1 + 5 + 5 + 10 + TO + 24 + 40 + 40 + 75 
and elimination of these involve cancellations between the 10 and the 40 plet 
contributions, between the 10 and the 40 plet contributions, and between the 1, 
24 and 75 plet contributions. Such cancellations make the analysis tedious once 
again. It turns out that there is yet a third possibility which is to derive the 
dimension 4 operators in SU(5) decomposition leaving the SU(5) fields in their 
reducible form where possible, i.e., to use Eq.(13) without further reduction of 
the tensor fields in their irreducible components. Thus, for example, in this case 
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one would carry out the following SU(5) decomposition of the SO(10) tensor, 
210 = 5 + 5 + 50 + 50 + 100 where 50, 50, 100 are reducible SU(5) representations. 
After computing the dimension 4 operators in terms of these tensors one eliminates 
them. This procedure has the advantage of having the cancellations of procedure 
2 already built in. We give now more details of the three approaches. 

We begin by discussion of the first approach where one eliminates the heavy 
fields in the superpotential before one carries out an SU(5) decomposition. Here 
on using the flatness conditions one finds 

2i = 2\ a \ cd < f J_ )a |S|f (+)6 >< *J_ )c |B|$ (+)d > (53) 

^45 = -\\TA< ^al^r^if (+)6 >< §i_ )c \BT,r v \$ {+)d > 

-10 < ¥f_ )o |fl|tf (+)6 >< $f_ )c |S|$ (+)d >] (54) 
Expansion in oscillator modes gives 

^45 = O" 4 < ^_ )a |W#(+)6 >< *J_ )C |S6}6}|* (+)<I > 
+4 < $l )a \Bblb^ {+)b >< ^_ )c |£^|% )d > 
-4 < $l )a \Bbib n \$ (+)b >< $f_ )c |fl|$ (+)<l > 

+5 < $* { _ )a \B\$ {+)b x ^_ )c |5|% )d >]. (55) 

A similar analysis for the 210 plet field gives 

J21 ° = 24 A ^ [< ^(-)al^r M r i ,r p r A |§ (+)6 >< ^bt^t.t^^ > 

-52 < $* { _ )a \Br^\$ {+)b >< §l )c \BT,T u \^ {+)d > 
+240 < *l )a \B\$ {+)b >< $* { _ )c \B\$ {+)d >] 

= --^O 8 < *H«|i»!Wi|*( + )6 >< ^_ )c |S6}6l6}6 i |$ (+)<l > 
-6 < ^l^Bb^hb^ {+)b x ^l )c \Bb{bjhb^ {+)d > 
-2 < ^jBhbjhb^w x $* { _ )c \Bblb]blbl\$ {+)d > 
+24 < ^ )a \Bb\b^ i+)b x ^ )c \Bb)bib n h\^ {+)d > 
-12 < *t_ )a \Bb\b]\* {+)b >< ^_ )c |B6t6 n 6 i 6 j |* (+)d > 
-12 < ^_ )a | J B6 i fe,|$ (+)6 x f J_ )c |56{6t6t6 B |$ (+)<l > 
-6 < $* { _ )a \Bblb m \$ {+)b x ** { _ )c \Bbib n \$ {+)d > 
-6 < *l_ )a \B\* i+)b >< *l_ )c \Bbljib n b m \* {+)d > 
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+18 < ^_ )a |«# (+)6 >< *l_ )c \Bb\b]\* (+)d > 
-18 < f f_ )o |B6j6,-|$ (+)6 >< $J_ )c |5&t6.|$ (+)<| > 
+24 < $?_ )o |B|tt (+)6 >< *l )c \Bblb n \$ (+)d > 

-15 < $f_ )o |fl|tf (+)6 >< ^_ )c |fl|tf (+)li >]. (56) 

Although this is the most straigtforward technique, one has to carry out the entire 
analysis ab initio and can be very labor intensive for the case of large tensor 
representations. 

We discuss now the second approach where one decomposes the large tensor 
representations in its irreducible SU(5) components and utilizes the results of the 
cubic superpotential already computed to derive dimension five operators. For 
illustration we consider the elimination of the 45 plet in the 16 — 16 — 45 coupling 
and for simplicity we consider only one generation of Higgs. We begin by displaying 
the 45 plet mass term in terms of its irreducible SU(5) components 



^ <45) Mp = \m™ [H«H y - H*H{ - H 2 ] . (57) 
The superpotential is given by 

w (_45) = j(1 /45) |_| + J(10/45)y H . . + jgO/45) ^ + ^24/45), ^ (5g) 



where 



j( T0/45)/ m = (_NjM'™ + l e ijklm^T Q 



,(45) 1 

Jf^ = V2hT (KZM 3 - NfM«) • (59) 

Eliminating the irreducible SU(5) heavy Higgs fields through F-flatness conditions 
taking care of the tracelessnes condition for Hj one gets 



(10/45) 

+5jf 4/45)j jf 4/45) * - Ji 24 / 45 ) m j( 24 / 45 )™]. (60) 



| 45 = _L_ [ 5 J(V45) J(V45) _ 20j( 10 / 45 ^4 ] 
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I45 computed above is the same as X45 given by Eq.(34) using the direct method 

h (45> h (45> (45) 

with ^(45) replaced by — 4A ab J C(i . As pointed out in the beginning of this ap- 
pendix one has cancellations in this procedure between the contributions arising 
from elimination of the 1 plet and the 24 plet. Such cancellations become more 
abundant for the 210 plet case. Thus for this case it is more convenient to decom- 
pose the 210 plet into reducible SU(5) tensors. We begin by exhibiting the mass 
term for this case 



i^ (210) $ 
2 



<I>„„„A = -M 



(61) 



where K ijkl , K ijkl , K{ kl , K) kl and K% are the 5plet, 5plet, 50plet, 50plet and lOOplet 
representations of SU(5). As before we keep only one generation of Higgs. The 
superpotential Wi 1 ^ in this case may be written as 



W 2 4 } = 4f 0) K^ + J^ 2W ^ kl K ijkl + jg /210) <Kf + Ji 50/210)tJ % k 

+ j(50/210) K ij n + j(50/210)ii K n , j(100/210)i? yrkl j(100/210) j yn n 

+ J (100/210) K rnn (g2) 

where 

, (210) 

4ir = < «r->iBWifi* (+) . > 

, (210) 

j( 5/210)iiW = < $*_ )a | 56 . 6 . 6fc6j |$ (+)6 > 

, (210) 

4° /21 °" = Y < «(-)J^f«6]^|* <+)i , > 

I, (210) 

jr /2w)jM = --f- < n- )a \BbibM^( +) » > 

, (210) 

jWW = < $._ )JBi) | 6 »|$ (+)t > 

,(210) 
, (210) 

4 00/2l0)H = ^Ua\mw^ +)b > 

7 (210) 

jr /2ioM = < > 

, (210) 

j( ioo/2io) = < $*_ )a | S |$ (+)6 > . (63) 
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Eliminating the reducible SU(5) Higgs fields through the F- flatness condition we 

get 

■ > r . x(100/210)ij x(100/210)M a j(100/210)mi ,-(100/210);/ 

'210 — A/f ( 21 °) \- J kl J ij + ° J mj J i 

+ gj(100/210)mn j(100/210) + 3 j(100/210)j j(100/210)i 
_|_ j(100/210)m j(100/210)n _|_ -^g j(100/210)m j(100/210) 
_^^qj(100/210) j(100/210) ^gj(5/21Q)ijkl j(5/210) 
, 12 j(50/210)yfcj(50/210)/ 12 j(50/210)mij j(50/210) 

+ 12J (S ° /210),i ' J J- 50/210)m + i2j(^/ 210 )^ J. (50/210) ] (64) 
One may now check that l 2 io derived above coincides with Z 210 given by Eq.(56) 

ft (210) ft (210) 

using the direct method when we make the identification ab M (2io) — with — 4:X ab cd . 

11 Appendix B 

In this appendix we expand some of the SO(fO) interactions in the familiar particle 
notation and exhibit the differences between some of the 16 — 16 — 45 and the 
16 — 16 — 210 couplings. We start by looking at the gauge interactions of the 24 
plet of SU(5) in 16 — 16 — 45 coupling. We can read this off from the last term in 
Eq.(46). Disregarding the front factor, this term is of the form 

£ 24 /4 5 = gT (M aikl A M k b j + M 3 al A yi bl ) Q% (65) 

An expansion of Eq.(65) using the SM particle states defined by Eq.(7) gives 

8 

r (45) ^ 

^24/45 - 9ab 2^ 
x=l 



u al A y x AY Ub + D ^ y AY Db 



3 

(45) 



+9ab 1^ 



y=l 



+9* \/f [~\ (E~ aLl A B A E^ L + V aLl A B A v bL ) + l - (u~ aLl A B A U bL + D aLl A B A D bL ) 

+ hj aRl A B A U bR - ^D aRl A B A D bR - E~ aRl A B A E bR ] 
+ ... (66) 

where is an SU(3) octet of gluons, is an SU(2) isovector of intermediate 
bosons, B A is the hypercharge boson, r y and \ x are the usual Pauli and Gell-Mann 
matrices, and the dots stand for the couplings of the lepto-quark/diquark bosons 
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to fermions. The above result, of course, contains the SM interactions. Next, let us 
look at the vector interaction of the 24 plet of SU(5) in the 16 — 16 — 210 coupling. 
This can be read off from Eq.(51) and one has 



A4/210 = gT (-m^Mm + ±M aikl A M k j) G% 
_ i 9ab r 4 r < 210) sr 77 ~A\t* Xx n 



(210) 
+9ab 



9ab 



x=l 



-D aRl A B A D bR 



(210) 
+9ab 



y=l 



aL 



v 

E- 



+ ...} (67) 



bL 



Eq.(67) shows that the 24 plet of SU(5) couplings in 16 — 16 — 210, unlike the case 
of the 24 plet couplings in 16 — 16 — 45, do not contain the same exact interactions 
as in the Standard Model. 



References 

[1] H. Georgi, in Particles and Fields (edited by C.E. Carlson), A.I.P., 1975; H. 
Fritzch and P. Minkowski, Ann. Phys. 93(1975)193. 

[2] R.N. Mohapatra and B. Sakita, Phys. Rev.D21(1980)1062. 

[3] F. Wilczek and A. Zee, Phys. Rev. D25(1982)553. 

[4] S. Nandi, A. Stern, E.C.G. Sudarshan, Phys. Rev. D26(1982)1653. 

[5] P. Nath and Raza M. Syed, Phys. Lett. B506(2001)68; |hep-ph/0 103165 

[6] H. Georgi and D.V. Nanopoulos, Nucl. Phys. B159(1979)16; J.A. Har- 
vey, P. Ramond, and D.B. Reiss, Phys. Lett. B92(1980)309; J.A. Har- 
vey, D.B. Reiss and P. Ramond, Nucl. Phys. B199(1982)223; S.P Mar- 
tin, Phys. Rev. 46(1992)2769; K.S. Babu and R.N. Mohapatra, Phys. Rev. 
Lett. 70(1993)2845; C.S. Aulakh, A. Melfo, A. Rasin and G. Senjanovic, Phys. 
Lett. B459(1999)557; C. Aulakh, B. Bajc, A. Melfo, A. Rasin and G. Sen- 
janovic, Nucl.Phys.B597(2001)89; M-C. Chen and K.T. Mahanthappa, Phys. 
Rev. D62(2000)113007; [hep-ph/0106093 . 

[7] G.W. Anderson and T. Blazek, J. Math. Phys. 41 (2000)8170; |ep= 
| ph/010i34S . 



20 



[8] P. Nath, R. Arnowitt and A.H. Chamseddine, "Applied N=l Supergravity" , 
(World Scientific, Singapore, 1984); J.Wess and J. Bagger, " Supersymmetry 
and Supergravity", (Princeton University Press, Princeton NJ, 1992). 

[9] K.S. Babu, J.C. Pati and Frank Wilczek, Nucl.Phys. B566 (2000)33. 

[10] P. Nath and Raza M. Syed, work in progress. 

[11] For a recent discussion of the status of models of this type see, J.C Pati, 
lhep-ph/01060821 T. Blazek, R. Dermisek, and S. Raby, lhep-ph/0107097 . 

[12] H. Georgi and C. Jarlskog, Phys. Lett. B86(1979)297. 

[13] K.S. Babu and S.M. Barr, Phys. Rev. Lett. 85(2000)1170. 



21 



